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Abstract. Let E n be the Lubin-Tate spectrum and let G n be the nth ex- 
tended Morava stabilizer group. Then there is a discrete G n -spectrum F n , 
with tj((„)(f„) ~ E„, that has the property that (F n ) hu ~ E% u , for every 
open subgroup U of G n . In particular, [Fn) n — ^Ktn)^ )- More generally, 
for any closed subgroup H of G n , there is a discrete H-spectrum Z n: u, such 
that (Z n ^ H ) hH ~ E^ H . These conclusions arc obtained from results about 
consistent A;-local profinite G-Galois extensions E of finite ved, where L^[— ) 
is LmCt(~))i with M a finite spectrum and T smashing. For example, we 
show that Lk(E hH ) ~ E hH , for every open subgroup H of G. 



1. Introduction 

Let n > 1 and let p be a prime. Let K[n) be the nth Morava if-theory spectrum 
and let G n = S n xi Gal(F p r> /F p ) be the nth extended Morava stabilizer group. Also, 
let E n be the nth Lubin-Tate spectrum, with ^^(En) = W(W p n)fui, Un-i]^ 1 ], 
where W(¥ p n) is the ring of Witt vectors with coefficients in the field F p ™, the 
degree of u is —2, and the complete power series ring is in degree zero. 

By [3] , the profinite group G n acts continuously on E n , so that for every closed 
subgroup H of G n , E n is a continuous if -spectrum, and the homotopy fixed point 
spectrum E^ H can be formed. Also, by [5] (see [TJ Theorem 8.2.1] for a more 
efficient proof), there is an equivalence f£„ ~ f5„ , where Ef^ H is the if (n)-local 
commutative S^-algebra of [6] and, for open normal subgroups if, a key ingredient 
in building E n as a continuous G ra -spectrum. 

In more detail, as in [TJ §5.2], let mlg be the model category of discrete com- 
mutative G n -L^-(„)(5 )-algebras: objects of M$ are discrete G n -spectra that are 
also commutative fj#Y n ) (S )-algebras, and morphisms are G„-equivariant maps of 
commutative L K ( n * ) (S°)-algebr&s. Let (— ) f : Alg — > nig be a fibrant replacement 
functor, and let U < G n denote an open subgroup of G n . Then set 

F n = colim(£jf N ) f . 

Since each E^ hN is a G n /iV-spectrum that is if (n)-local, F n is a discrete Gn- 
spectrum that is f?(n)-local and, by 4, Lemma 6.7], not K (n)-local. Here, E(n) is 
the Johnson- Wilson spectrum, with it*(E(n)) — lji p \\v\, Vn-i}^ 1 ]. 

Given a tower Mq <— Mi <—••••<— Mj <— ■ ■ ■ of generalized Moore spectra, such 
that for any £J(n.)-local spectrum Z, L K ^(Z) ~ holing (Z A M<) (as in [9j §2]), 



~ L K[n) (F n ) ~ holim(F„ A Mi), 
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where each F n A Mi is a discrete G„-spectrum. Hence, as in |4,, for any closed 
subgroup H of G„, 

E ] f = (holim(F„ A Mi)) hH = holim(F„ A Mi) hH ~ L K{n) ((F n ) hH ), 

i i 

where the last step uses that each Mi is a finite spectrum. In particular, when 
H = G„, we have 

L K (n)(S Q ) ^ E^ Gn ~ L K{n )((F n ) hGn ), 

where the first equivalence is given by [6] Theorem 1, (iii)] and 1 ( Corollary 8.1.3]. 
When p — 2, G 2 has a finite subgroup C/48 of order 48, and the Hopkins-Miller 
spectrum EO2 is given by 

E0 2 =Ef™ ~ L K{2) ((F 2 ) he ™) 

(for more on EO2, see [8j Theorem 5.1]). Also, for each n and p, there is a finite 
subgroup F*„ of S n such that, by setting K n = F*„ x Gal(F p n /F p ), 

E(nj := L K(n) {E{n)) ~ ~ i K(rl) ((^)' iK ") 

(see the proof of [TTj Proposition 5.4.9, (a)]). 

The equivalence E^ H ~ L K ^((F n ) hH ) and the above three examples have the 
following pattern in common: the K(n)-\oc&\ spectrum of interest is obtained by 
first taking the homotopy fixed points of the non-if (n)-local discrete G„-spectrum 
F n , and then i(f(n)-locahzhig. As seen above in the case of E^ H , this can be 
equivalently expressed by saying that the K (n)-local spectrum is obtained by taking 
the homotopy fixed points of the homotopy limit of the tower {F n AMi}i of discrete 
G n -spectra. The strength of this pattern is such that it might seem that the use 
of a tower of discrete G ra -spectra, instead of just a single discrete G„-spectrum, 
is a necessary component of it. Similarly, one might conclude from the above 
discussion that the second step of K (n)-localizing the homotopy fixed points is an 
integral part of the pattern. However, in this paper, we show that such conclusions 
are not correct. 

For any open subgroup U of G„, it turns out that 

E™ c (F n ) hU . 

Thus, we have 

(F n ) hG ^ L K{n) (S°), 

which is an equivalence that was first obtained by Mark Behrens. Hence, for any 
finite spectrum A, since L K r n \(X) ~ L K r n \(S°) A A, 

L K{n) (X)~(F n /\X) hG ", 

where F n A A is a discrete G„-spectrum, with G n acting trivially on A. Therefore, 
the aforementioned tower/ "A(n)-localizing at the end" is not necessary, and a single 
discrete G„-spectrum (F n or F n A X) suffices to yield the i^(n)-local spectra E% u , 
L K (n){S°), and L K{n) (X), for finite A. 

Also, for any closed subgroup H of G„, we show that there is a discrete H- 
spectrum Z n _h such that 

so that, for example, 

E0 2 ^ {Z 2 ,gJ lGia and E(n) ~ {Z n , K J lK " . 
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Thus, once again, to obtain the K (n)-local spectrum of interest, it suffices to just 
take the homotopy fixed points of a single discrete ii-spectrum. 

We obtain the above results by considering the more general context of fc-local 
profinite Galois extensions. Here, following [1] Assumption 1.0.3], k denotes a spec- 
trum whose localization functor L^{— ) is a composite Lm(Lt{—)) of localizations, 
where M is a finite spectrum and T is smashing. (Also, as explained in Section 2, 
we make the technical assumption that fc is an 5-cofibrant symmetric spectrum.) 
Examples of such spectra k include S°, H¥ p , E(n), and K{n) (see [3J|5]). 

Now let A be a fc-local cofibrant commutative symmetric ring spectrum, E a 
commutative ^4-algebra, and G a profinite group. Then E is a k-local profinite 
G-Galois extension of A if 

(a) there is a directed system of finite fc-local G /U a -Gdlo\s extensions E a of A, 
where {U a } a is a cofinal system of open normal subgroups of G (see [Til 
Section 4.1] for the definition of a finite fc-local Galois extension); 

(b) the commutative yl-algebra E is given by 

E = colim(E a ) fG A, 

a 

where 

(-)fGA - Alg A G -> Alg A G 
is a fibrant replacement functor for the model category Alg^ G of discrete 
commutative G- A- algebras (see [lj Section 5.2]); 

(c) each of the maps E a — » Ep is G-equivariant and is a cofibration of under- 
lying commutative ^4-algebras; and 

(d) for each a < /3, the natural map is a weak equivalence. 

Also, the Galois extension E has finite vcd (finite virtual cohomological dimension) 
if G has finite vcd (that is, there exists an open subgroup U of G and a positive 
integer m such that the continuous cohomology H^(U;M) — 0, for all s > to, 
whenever M is a discrete U- module). 

Given a /c-local profinite G-Galois extension E of A, the fc-local Amitsur derived 
completion A£ E is the homotopy limit of the cosimplicial spectrum 

L k {E) L k (E A A E) ^ L k {E A A EA A E)^--- 

that is built from the unit map A-^r E and the multiplication EAaE — > J5 (see [UJ 
Definition 8.2.1] and [S])- Then, following [lj Definition 1.0.4, (1)], the extension E 
is consistent if the coaugmentation A A^: E is a weak equivalence. 

Suppose that £7 is a consistent fc-local profinite G-Galois extension of A of finite 
vcd. Then in Theorem 1 5. 1[ for each open subgroup U of G, we show that 

L k (E hu )~E hu , 

and, by Corollarv l5.3[ 

A ~ E hG . 

More generally, if H is any closed subgroup of G, then, by (|5 .4|) . there is a discrete 
ii-spectrum Ze.h such that 

L k (E hH )~(Z E , H ) hH . 

If the Galois extension E is profaithful (in the sense of UJ; see Definition [53]), then 
the dependence of Ze,h on H can be lessened somewhat (see Theorem l5.6|) . 
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Since F n is a consistent profaithful K (n)-local profinite G n -Galois extension of 
L K f n \(S°) of finite vcd (by [TJ Proposition 8.1.2] and QT1 Theorem 5.4.4, Proposi- 
tion 5.4.9, (b)]), the results stated earlier for E n follow immediately from the results 
described in the previous paragraph. 

We briefly summarize the remaining portions of this paper. Let G be a profinite 
group and let H be a closed subgroup of G. In Section[2j we recall various definitions 
and results about (local) homotopy fixed points that are used later. In Section |3l 
we study several discrete if-spectra that are canonically associated to a discrete 
G-spectrum X and are useful for the results of SectionHJ where we show that, when 
X is T-local and G has finite vcd, L k (X hH ) can be obtained by just taking the 
homotopy fixed points of a single discrete -ff-spectrum. 

We conclude the Introduction with some comments about the terminology that 
we use. All spectra are symmetric spectra of simplicial sets and we use ESp to 
denote the model category of spectra (more precisely, the stable model category of 
symmetric spectra, as defined in [101 Section 3.4]). 

Given a profinite group G, a discrete G-spectrum (following [1] Section 2.3]; see 
also [H Section 3]) is a spectrum such that, for each j > 0, the simplicial set Xj 
is a pointed simplicial discrete (G x E.,)-set, where E.,- denotes the jth symmetric 
group, together with compatible (G x E; x Ej )-equivariant maps 

a : 5 1 A Xj — > Xj+i. 

Here, S l = (S 1 )^ 1 has the trivial G-action and the factors in this smash product 
are permuted by the action of E; . 

We use ESp G to denote the category of discrete G-spectra, in which a mor- 
phism / : X — >• Y of discrete G-spectra is a collection of (G x Ej )-equivariant maps 
fj : Xj — > Yj of pointed simplicial sets which are compatible with the structure 
maps a 1 . 

All filtered colimits in this paper are taken in the category ESp. This statement 
holds even for part (b) in the definition of /c-local profinite G-Galois extension that 
we gave earlier, since filtered colimits in the category of commutative ^4-algebras 
are formed in ESp (a reference for this fact is [TJ Lemma 5.3.4]). 

Acknowledgements. I thank Mark Behrens for helpful discussions about fc-local 
homotopy fixed points and F n , and for realizing that (F n ) hGn ~ Lx( n )(S°). Also, 
I thank Ethan Devinatz, for helpful comments about E^ N , and the referee, for 
encouraging remarks. 

2. Preliminaries on (local) homotopy fixed points 

In this section, we recall various definitions and results about (local) homotopy 
fixed points that will be useful in the rest of the paper. 

Let G be a profinite group. By p] Theorem 2.3.2], there is a model category 
structure on ESp G , where a morphism / is a weak equivalence (cofibration) if and 
only if / is a weak equivalence (cofibration) in ESp. Let 

(-)fG- ESp G -> ESp G 

be a fibrant replacement functor, so that if A is a discrete G-spectrum, there is a 
natural map X — ¥ Xfc that is a trivial cofibration, with XfQ fibrant, in ESp G . 
Since the fixed points functor 

R G : ESp G ^ESp 
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is a right Quillen functor (by [TJ Lemma 3.1.1]), the homotopy fixed points (— ) hG 
are defined to be the right derived functor of (— ) G , so that, given X £ ESp G , 

X hG = (X fG f 

(see [TJ Section 3.1]). 

Now let F be any spectrum. Recall from QJJJ Section 5.3] that, by using cofibrant 
replacement in the S model structure on the category of symmetric spectra, there 
is a weak equivalence F c — > F in ESp (with the usual model structure, as described 
near the end of the Introduction) such that the spectrum F c is 5-cofibrant. For 
this reason, we always assume that the original spectrum F itself is S-cofibrant. 
This assumption is used, for example, in the proof of Lemma l2.1l and the discussion 
after this proof. 

The category of spectra, when equipped with the F -local model category struc- 
ture, gives the model category (ESp) F (considered, for example, in [TJ Section 6.1]). 
In (ESp) F , a morphism / of spectra is a weak equivalence (cofibration) if and only 
if / is an F-local equivalence (cofibration) of spectra. Here, / is an F-local equiv- 
alence exactly when F A / is a weak equivalence in ESp. We define the Bousfield 
localization functor 

L F {-): (ES P ) F (SSp) F 

by taking it to be a fibrant replacement functor for (ESp) F , so that, given a spec- 
trum X, the natural map X — > Lp(X) is a trivial cofibration, with Lp(X) fibrant, 
in (ESp) F . 

In [TJ Section 6.1], it was shown that the category ESp G can be equipped with 
an F- local model category structure, to give the model category (ESp G ) F , in which 
a morphism / of discrete G-spectra is a weak equivalence (cofibration) if and only 
if / is a weak equivalence (cofibration) in (ESp) F . (The idea for this i^-local model 
structure has an antecedent in [TJ Section 7], where such a model structure is put 
on the category of simplicial discrete G-sets.) Additionally, the fixed points functor 

R G : (ESp G ) F -> (ESp) F 

is a right Quillen functor (see [TJ Section 6.1] for more detail). This implies, for 
example, that if X is a discrete G-spectrum that is fibrant in (ESp G ) F , then X G 
is fibrant in (ESp) F , and hence, X G is an F-local spectrum. 
Let 

H/fG: (SSp G ) F ->• (ESp G ) F 
be a fibrant replacement functor, so that, given a discrete G-spectrum X, there 
is a natural map X — > Xf F o that is a trivial cofibration, with Xj f q fibrant, in 
(ESp G ) F . Then, as in [TJ Section 6.1], the F-local homotopy fixed points (— ) hpG 
are defined to be the right derived functor of (— ) G with respect to the F- local 
model structure, so that, given a discrete G-spectrum X, the i^-local homotopy 
fixed point spectrum X hpG is given by 

x h - G = (A7 fG ) g . 

Notice that X hpG is an F-local spectrum. 

Though the following result was (quickly) noted in the proof of [TJ Proposition 
6.1.7, (3)], because of its usefulness, we present it as a lemma and give a proof. 

Lemma 2.1. Let G be a profinite group and let X be a discrete G-spectrum. If X 
is fibrant in (ESp G ) F , then X is also fibrant in ESp G . 
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Proof. Let / be a trivial cofibration in £Sp G , so that / is both a weak equivalence 
and a cofibration of spectra. Since F is S-cofibrant, [TUJ Corollary 5.3.10] implies 
that the functor F A (— ) preserves weak equivalences in £Sp, so that / is an i^-local 
equivalence. Thus, / is a trivial cofibration in (£Sp g )f- This conclusion implies 
that in £Sp G , the map X — > * to the terminal object has the right lifting property 
with respect to all trivial cofibrations. □ 

Let X be a discrete G-spectrum. By Lemma l2.1| Xf F c is fibrant in £Sp G , and 
hence, there exists a morphism 

fx'- x fG -> Xf FG 

in £Sp G . Notice that since F is S'-cofibrant, the map X — > XfQ is an F-local 
equivalence, so that the map fx also is an F-local equivalence. Taking the G-fixed 
points of fx yields the map 

X hG = {X fG f -> (X fFG ) G = X hFG . 

Therefore, since X hpG is fibrant in (SSp)jr, the trivial cofibration X hG -t L F {X hG ) 
in (SSp)f induces a map 

(2.2) L F (X hG ) -> X hpG . 

When F = k (where k is defined as in the Introduction and is assumed to be 
S'-cofibrant), the following result gives conditions under which the map in (|2.2I) is 
a weak equivalence. 

Theorem 2.3 ({I. Proposition 6.1.7, (3)]). Let G have finite vcd and suppose that 
X is a discrete G-spectrum. If X is T -local, then the map Lk{X hG ) — > X hkG is a 
weak equivalence in ESp. 

Given an open subgroup U of G, let 

Res G : SSp G -> SS Pc/ , Resg(X) = X, 

be the functor that takes a discrete G-spectrum X and regards it as a discrete U- 
spectrum. The proof of [I] Proposition 3.3.1, (2)] shows that this functor preserves 
fibrant objects. Similarly, there is a functor 

(Resg) F : (SSp G ) F -> (SS P[/ ) F 

that regards a discrete G-spectrum as a discrete [/-spectrum, and the proof of 
[TJ Proposition 6.1.7, (1)] shows that this functor preserves fibrant objects. We 
summarize these remarks in the following result. 

Lemma 2.4 ([1]). Let G be a profinite group, U an open subgroup of G, and X a 
discrete G-spectrum. If X is fibrant in ESp G , then it is fibrant in SSp^. Similarly, 
if X is fibrant in (SSp G ) F , then it is fibrant in (ESpf/)^- 

We conclude this section with several useful facts about spectra. Suppose that 
{ga ■ Y a — > Z a } a is a filtered system of weak equivalences of spectra, such that each 
Y a and Z a is fibrant. By jTOJ Corollaries 3.4.13, 3.4.16], the spectra Y a and Z a 
consist of Kan complexes, and hence, the map 7r*(colim Q g a ) is an isomorphism, so 
that colim a g a is a weak equivalence (by [TOl Theorem 3.1.11]). 

If / is a trivial cofibration in SSp, then / is also a trivial cofibration in (ESp) F - 
This fact implies that, given a spectrum X, the localization Lp(X) is fibrant in 
SSp. 
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3. Useful discrete ^-spectra associated to a discrete G-spectrum 



In this section, we restrict ourselves to F — k, since this is all that is needed 
in later sections. As before, G is a profinite group, and we let X be a discrete 
G-spectrum. Given a closed subgroup H of G, we define and study two discrete 
-ff-spectra that are useful for our later results. 

Let N and N' be proper open normal subgroups of G, with N a subgroup of N'. 
Since the map X — > X/jy/ is a trivial cofibration in ESp^r, the right lifting property 
in SSp^r of the map X/jv — > * yields an X-equivariant map 

^N,N' ■ X/jv' - > X/jv- 

The map Xn.n' induces the map 

X%, : X hN ' -> X hN , 

which is defined to be the composition 

X hN ' = (X fN ,) N ' ^ (X fN ,) N -> (X fN ) N = X hN . 

Notice that the spectra X N and (Xfc) N have natural G/X- act ions, and hence, 
natural G-actions, through the projection G — > G/N. However, in general, the 
spectrum X hN — (X/jv) is not known to have a natural G/X-action, apart from 
the trivial one, since X^jy is not known, in general, to have a G-action. This fact 
implies that, unlike in the case of the diagram {(Xfc) N }N<i G, it is not possible, 
in general, to assemble together the maps X%, to form, in a non-degenerate way, a 
diagram {X hN }N <o c of G-spectra and G-equivariant maps. Thus, in general, it is 
not possible to form, for example, colimjv<| o G Lk(X hN ) as a discrete G-spectrum 
in the desired way. Therefore, to get around this problem, we make the following 
considerations. 

Definition 3.1. Let X be a discrete G-spectrum. If H is a closed subgroup of G 
and V is an open normal subgroup of H , then we define 

X{H,V)=L k ({X fH ) v ) 

and 

X(k,H,V)=L k ((X fkH ) v ). 

Since (Xfu) V has an H /V^-action and L}~{—) is a functor, X(H, V) is an H/V- 
spectrum. Since the finite group H/V is naturally discrete, the canonical map 
H — > H/V makes X(H, V) a discrete ii-spectrum. Thus, 

colimX(H,V) = colimL k ((X fH ) v ) 

V< H V< a H 

is also a discrete ii-spectrum. The same argument shows that 
colimX(fc,If, V) =cd\xmL k {{Xf. H ) V ) 

V< H V< a H J 

is a discrete if-spectrum. Since the output of the functor L k (—) is always a fibrant 
spectrum, colimy<] o /f X(H, V) and colimy<| o # X(k, H, V) are fibrant spectra. 

By Lemma [2.4[ the spectrum Xf k u in Definition ^. ll is fibrant in (ESpy)fe, so that 
(Xf k n) v is already fc-local. However, in Definition 13. 1[ we are interested instead in 
the fibrant replacement L k ((X f k n) v ), because there is an iJ/y-equivariant map 

L k ((f%) v ): X(H,V)^X(k,H, V) 

that will often be used later. 
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Let N be an open normal subgroup of G. The map Ajv,g- x fG — > x fNi a 
weak equivalence between fibrant objects in ESp^y, induces the weak equivalence 
(Xfo) N — > (Xjn) n = X hN , and hence, there is a weak equivalence 

X(G,N) = L k ((X fG ) N ) -> L fe (X hJV ). 

Thus, we can think of the discrete G-spectrum colirn/v<i G X (G, N) as a replacement 
for the typically undefinable object colimjv<] G Lk(X hN ) that was discussed just 
before Definitionl3.il 



Notice that the isomorphism X = colim X v yields a commutative diagram 

v< h 6 



(3.2) 



X ■ 



-> colim X(k,H, V) 

V<„H 



colim X(H, V) 

V< a H 



colim Luiifv 



H\V\ 



in ESp^f. The result below considers a case where the diagonal map in p.2j) is a 
weak equivalence. 

Lemma 3.3. Let G have finite vcd. If X is a discrete G-spectrum that is T -local, 
then the map 



G\N\ 



colim X(G,N) 

N< G 



colim X(k,G,N) 

N<„G 



colim L k ((fx 

N< a G 

is a weak equivalence in £Sp G . 

Proof. Let N be an open normal subgroup of G. By Lemma 12.11 (Xfc)f k N is 
fibrant in ESpjy, giving the commutative diagram 



X 



fG 



( X fc)f k N 



(Xf G )fN 

in £Sp N . The N- fixed points of this diagram give the commutative diagram 




*■ (( X fG)f k N) 



N 



(3-4) (X fG ) 



(( X fG)fN) 



Since XfQ — > (Xfc)fN is a weak equivalence between fibrant objects in SSp^r, 
the vertical map (Xjg) n — > ((Xfc)fN) N in (|3.4[) is a weak equivalence, and hence, 
a k- local equivalence. Since N has finite vcd (because G has finite vcd) and XtQ is 
T-local (because X is T- local), Theorem l2.3l mrplies that the diagonal map in (|3.4p is 
a fc-local equivalence. Thus, the horizontal map in (|3.4I) is also a fc-local equivalence. 
This last fc-local equivalence is the top edge in the commutative diagram 



(3.5) 



(XfG) 



N 



(( X fG)f k N) 



N 



( x h 



G 



\N 



(( X f k G)f k N) 



N 



Since Xf kG is fibrant in (ESpjv)fc, the map Xf kG — > (Xf k c)f k N is a weak equiv- 
alence between fibrant objects in (ESp w )/c, so that the bottom edge in (|3.5[) is a 
fc-local equivalence. Also, since fx is a fc-local equivalence, the map 

{fx)f k N- (Xf G ) fkN -> (X fkG ) fkN 

is a weak equivalence between fibrant objects in (SSp^r)^, and hence, the right 
edge in p.5p is a fc-local equivalence. Therefore, the left edge in p. 51) . (fx) N , is a 
fc-local equivalence. 

Applying Lk(-) to the fc-local equivalence (fx) yields the fc-local equivalence 

L k ((f$) N ) : X(G, N) = L k ((X fG ) N ) L k ((X fkG ) N ) = X(k, G, N). 

Since L k {{fx) N ) is a fc-local equivalence between fc-local spectra, it is a weak equiv- 
alence, and since it is a weak equivalence between fibrant spectra, we can conclude 
that the desired map colim L k ((fx) N ) is a weak equivalence of spectra. □ 



The following result, which will be used in the proof of Corollary 14.31 is useful 
for understanding the relationship between Theorem 14.11 and its simplification (in 
certain cases) in Corollary [ 



Lemma 3.6. Let G be a profinite group and H an open subgroup of G. If X is a 
discrete G-spectrum, then there is a weak equivalence 



colim X(k, H, V) ^ colim X(k, G, N) 

V<„H N< G 



in ESp H . 



Proof. Recall that if A" is a profinite group and if U is an open subgroup of A, 
then U contains a subgroup Uk that is open and normal in A (see, for example, 
[l2l Lemma 0.3.2]). This fact implies that if V is an open normal subgroup of 
H, then, since V is an open subgroup of G, V contains a subgroup V G that is 
open and normal in G. Thus, {N \ N <] a G, N < H } is a cofinal subcollection of 
{V | V < H}: giving the isomorphism 

ci: colim X(k,H,V) = colim L k ((X fkH ) v ) -A colim L k ((X fkH ) N ). 
By Lemma l2.4( Xf kG is fibrant in (ESp^)fc, so that there is a weak equivalence 

Xk,G,H- X fkH -> X fkG 

in (SSpjj)fe. If N is an open normal subgroup of G that is contained in H, then 
^k,G,H is a weak equivalence between fibrant objects in (ESp^-)fc, so that the map 

(Afc,G,ff) : (Xf k n) N ->• (X fkG ) N 

is a weak equivalence in (ESp)fc. Hence, the map 

L k ((Xk,G,H ) N ) ■ X(k, H, N) = L k ((X jkH ) N ) -> L k ((X fkG ) N ) = X(k, G, N) 

is a weak equivalence in (ESp)fc between fc-localized objects, and thus, it is a weak 
equivalence between fibrant objects in ESp. Therefore, the filtered colimit 

colim L k ((\ kG H ) N ): colim X(k,H,N)-=* colim X(k, G, N) 

N< a G,N<H ' ' ' ' N< a G,N<H N< a G,N<H 

is also a weak equivalence of spectra. 

Now let N be any open normal subgroup of G: N fl H is an open subgroup 
of G, and hence, N n H contains a subgroup (N n H) G that is open and normal 
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in G. Thus, the collection {N | N <J G, N < H } is a cofinal subcollection of 
{TV | N < G }. This implies that there is an isomorphism 

c 2 : colim X(k,G,N)-=±colimX(k,G,N), 

N< G,N<H N< G 

so that the composition 

c 2 o( colim L k ((X kGH ) N )) ocx'. colim X(k,H,V) -=» colim X(k,G,N) 

is a weak equivalence. □ 

4. Obtaining fc-LOCAL spectra from discrete G-spectra 

As in Section [3l we continue to let H be a closed subgroup of a profinitc group 
G, and, as usual, we let X be a discrete G-spectrum. Then the following result says 
that under certain conditions, the two-step process of taking the iJ-homotopy fixed 
points of X and then /c-localizing can be realized somewhat more directly by just 
taking the 7J-homotopy fixed points of the discrete fJ-spectrum colim X(H, V), so 
that no subsequent k- localization is needed. 

Theorem 4.1. Let G have finite vcd and suppose that X is a discrete G-spectrum 
that is T -local. If H is a closed subgroup of G, then there is a zigzag of weak 
equivalences 

(4.2) L k (X hH ) (co\imX(k,H,V)) hH <=- (colim X(H,V)) hH . 

Proof. Since G has finite vcd, H does too, and hence, Theorem 12 . 31 implies that the 
map 

fx: L k (X hH )^X h * H 
is a weak equivalence. Also, since Xf k H is fibrant in SSp ff (by Lemma I2.1[) . the 
map Xf k H — > {Xf k n) fH is a weak equivalence between fibrant objects in SSp ff , so 
that the induced map 

h: X h * H = (X fkH ) H {{X fkH ) fH ) H = (X fkH ) hH 

is a weak equivalence in ESp. Therefore, composing the weak equivalences fx, f2 
gives the weak equivalence 

f = f 2 ofx:L k (X hH )^(X fkH ) hH . 

Let V be an open normal subgroup of H and consider the trivial cofibration 

9h-- {X fkH ) V ^L k ((X fkH ) v ) =X(k,H,V) 

in (ESp)^ given by the fibrant replacement L k {—). Notice that the map g^ is also 
if/ V^-equi variant. By Lemma |2~41 Xf k n is fibrant in (SSp y )fe, so that (Xf k u) v is 
fc-local, and hence, g^ is a fc-local equivalence between fc-local spectra, so that g\ 
is a weak equivalence of spectra. Since Xf k n is fibrant in (SSpy)^, it is also fibrant 
in SSpy, so that (Xf k n) v is a fibrant spectrum. This implies that g\ is a weak 
equivalence between fibrant spectra. Therefore, there is a weak equivalence 

q: Xf.H — > colim(Xf, h) V — > colim X(k, H, V) 

V< a H 1 V< H 

in SSp ff . 

The composition of weak equivalences 



(g) hH of: L k {X hH ) (colim X(k, H, V)) htl 

V< H 
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gives the first weak equivalence in (|4.2I) . Since H has finite vcd, the second weak 
equivalence in (|4.2I) is an immediate consequence of Lemma 13.31 □ 



Notice that in Theorem l4.ll the discrete f/-spectrum co\vmv< H X(H, V), whose 
ff-homotopy fixed points give L k (X hH ), depends on H for its construction. How- 
ever, the result below shows that if H is open in G, then colimy<] o # X(H, V) can be 
replaced with the discrete G-spectrum colimjv<| G X(G, N), which is independent 
of if. 

Corollary 4.3. Let G have finite vcd and suppose that X is a discrete G-spectrum 
that is T -local. If H is an open subgroup of G, then there is a zigzag of weak 
equivalences 

(4.4) L k (X hH ) (colim X(k,G,N)) hH ^ (colim X(G, N)) hH . 



Proof. By Lemma 13.61 and Theorem 14. 1[ there are weak equivalences 

L k (X hH ) -=» (colim X(k,H, V)) hH -=* (colim X(k, G, N)) hH , 

V< a H N< G 

giving the first weak equivalence in (|4.4I) . The second weak equivalence in (|4.4[) is 
an immediate consequence of Lemma 13.31 □ 

5. A FEW APPLICATIONS TO PROFINITE GALOIS EXTENSIONS 

As in the Introduction, let E = co\im a (E a )f G A be a consistent k- local profinite 
G-Galois extension of A of finite vcd. As noted in [TJ Proposition 6.2.3], E is a 
discrete G-spectrum, and, by [H Remark 6.2.2], E is not necessarily fc-local, but it 
is T-local. 

In the theory of fc-local profinite Galois extensions, the fc-localization plays a 
very important role. In particular, most results about these extensions are only 
known to be true when Lfc(— ) is applied to the objects involved. This is evident 
from the near ubiquity of "( — )fc" in [H Sections 6.2, 6.3, 7]. However, the next 
result, which shows that E hu is fc-local for every open subgroup U of G, gives an 
interesting example of when the ^-localization is not necessary. 

Theorem 5.1. Let E = co\mi a {E a ) jqa be a consistent k-local profinite G-Galois 
extension of A of finite vcd. If U is an open subgroup of G, then 

L k (E hu ) ~ E hu . 



Proof. By Corollary 14. 3[ we have 

L k (E hu ) ~ (cohmL k ((E fG ) N )) hU - (cohm L k ((E fG f-)) hU , 

where the isomorphism is due to the fact that {U a } a is a cofinal collection of open 
normal subgroups of G. 

For each a, the canonical projection G — > G/U a makes the commutative G/U a - 
A-algebra E a a discrete commutative G-A-algebra, with U a acting trivially. Thus, 
by functoriality, U a also acts trivially on (E a )fGA, so that (E a ) f G A is also a G/U a - 
spectrum. Since the canonical map (E a )fGA — > -E is G-equi variant, the trivial 
C/a-action on the source induces a G/t/ Q -equivariant map (E a )fcA — > E Ua , which 
yields the G/t/a-equivariant map 

e a : (E a ) fGA -> E u « {E fG ) Ua -> L k ((E fG f"). 
li 



Now [TJ Lemma 6.3.6] shows that there are equivalences 



E a L k {{E fG A) u °) L k (E hu °), 

and it is easy to see that the map e Q is a simple variant of the weak equivalence e a 
(see the discussion just before [TJ Lemma 6.3.6]). Therefore, the weak equivalence 
{Efo) Ua ^> jr;hu a i m pii es that the map e a is a weak equivalence. 

Since (E a )fGA is a positive fibrant discrete G-spectrum (by [TJ Theorem 5.2.3]), 
it is a positive fibrant spectrum, by [TJ Corollary 5.3.3]. Also, because L k ((Efc) Ua ) 
is fibrant in SSp, it is a positive fibrant spectrum. Thus, e is a weak equivalence 
in SSp between positive fibrant spectra, and hence, 

colim e Q : E — coYmv(E a ) jga ^> co\\u\ L k ((EfG) Ua ) 

a a a 

is a weak equivalence in ESp G , by [TJ Lemma 5.3.1]. Then we have 
L k (E hU ) ~ (colimLfcCC^G)^))^ ^ 

a 

giving the desired result. □ 

By [TJ Corollary 6.3.2, Lemmas 5.2.5, 5.2.6], there is a zigzag of weak equivalences 

A L k (E h ^ G ) L k {E h+G ) L k (E hG ), 

where E hAlsG is the "homotopy fixed point commutative A-algebra" and E h+G is 
the homotopy fixed point spectrum of E that is formed with respect to the positive 
stable model structure on £Sp G (see [TJ Section 5.2] for more detail). Thus, we 
obtain the equivalence 

(5.2) A ~ L k {E hG ). 

However, the next result, which follows immediately from Theorem 15.11 (by setting 
U = G) and (|5.2|) . shows that, in fact, no fc-localization is necessary to obtain A 
from the homotopy fixed points of E. 

Corollary 5.3. If E is a consistent k-local profinite G-Galois extension of A of 
finite vcd, then 

A ~ E hG . 

Now let H be a closed subgroup of G. By Theorem GTJJ L k (E hH ) ~ E hH 
whenever H is open in G. However, this equivalence need not hold for all H closed 
in G; this is seen, for example, when H — {e}, since E h ^ ~ E is not necessarily 
k- local. However, it follows immediately from Theorem 14 . 1 1 that for every H closed 
in G, a slightly coarser version of Theorem 15. H is still valid: by Theorem 14. 1[ 

(5.4) L k (E hH ) ~ (cplimL k ((E fH ) v )) hH , 

so that L k {E hH ) can still always be obtained by taking the 77-homotopy fixed 
points of a discrete -ff-spectrum, with no subsequent fc-localization needed. 

Notice that in the discrete fZ-spectrum colimv < h L k {{EjH) V ) of (|5.4[) . whose 
H- homotopy fixed points yield L k (E hH ), both the indexing set of the colimit and 
EfH depend on H . Now we show that when the Galois extension E is profaithful 
(defined below), the second of these dependencies can be eliminated. 
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Definition 5.5 ([TJ Definition 6.2.1]). Let E = co\xm a (E a ) t G A be a fc-local profi- 
nite G-Galois extension of A. If the fc-local G//7a,-Galois extension E a is fc- 
locally faithful (that is, following [TT| Definition 4.3.1], if M is an A- module and 
L k (M A a E a ) ~ *, then L k (M) ~ *) for each a, then B is a profaithful k-local 
extension. 

Theorem 5.6. Let E be a consistent profaithful k-local profinite G-Galois extension 
of A of finite vcd. If H is a closed subgroup of G, then 

(5.7) L k (E hH ) ~ (cplimL k ((E fG ) v )) hH . 

Remark 5.8. Let E and H be as in Theorem [5T6l By (|5T4|) . L k (E hH ) can be 
obtained by taking the homotopy fixed points of the discrete //-spectrum 

L = co\imL k ((E fH ) HnN ) - co\imL k ((E fH ) v ), 

N< a G V<„H 

where the isomorphism uses that {if PI AT | N <J G } is a cofinal subcollection of 
{V | V <o -ff }■ The proof of [TJ Theorem 7.2.1, (1)] shows that L is a consistent 
profaithful fc-local profinite //-Galois extension of L k (E hH ) of finite vcd. Also, the 
proof below of Theorem 15.61 shows that there is a weak equivalence 

(5.9) cplimL k ((E fG ) v ) ^ L 

V <] -O 

in ESp^, where the source of this weak equivalence is the discrete //-spectrum that 
appears on the right-hand side in (|5.7j) . The proof of [TJ Theorem 7.2.1, (1)] shows 
that there is at least a zigzag of weak equivalences between the source and target 
of the map in (|5.9[) , so the main value of the proof of Theorem 15.61 below is, in 
addition to pointing out the relevant details from [JJ, to show explicitly that there 
is a single weak equivalence. 



Proof of Theorem \5.6\ Let V be an open normal subgroup of H . The map 



coltai (E fG ) u = (E fG ) v ^ ((E fG ) f „y 

V <. U -CoCj 



induces the map 



L k { colim (E fG f) -> L k (((E fG ) fH ) v ). 

By [TJ Theorem 7.1.1], ipv is a weak equivalence, and hence, the ///y-equivariant 
map 

LMV)): L k ((E fG ) v )^L k (((E fG ) fH ) v ) 

is a weak equivalence. 

Since the composition E Ef G (Ef G )fu is a trivial cofibration in ESp ff , 
there is a weak equivalence (-E/g)/// A -E/h in ESp^f. Hence, p is a weak equiva- 
lence between fibrant objects, in ESpy, so that the ///1^-equivariant map 

p V --((E fG ) fH ) V ^(E fH ) V 
is a weak equivalence. Therefore, the composition 

L k (p v )oL k ^(V)): L k ((E fG ) v ) ^ L k (((E fG ) fH ) v ) ^ L k ((E fH ) v ), 
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which is _ff/l/-equivariant, is a weak equivalence, and since its source and target 
are fibrant spectra, there is a weak equivalence 

colimL k ((E fG ) v ) colimL k ((E fH ) v ) 

V< a H V<„H 

in SSp ff , giving 

(co\imL k ((E fG ) v )) hH (colimL k ((E fH ) v )) hH ~ L fc (£ ftff ), 

where the last equivalence is from (15.4[) . □ 
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